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TIMELIKE  DJITIAL  VALUE  PROBLEMS  FOR  HYPERBOLIC  EQUATIONS 

I.   INTRODUCTION 

In  this  paper  vje  shall  Investigate  solutions  of  equations 
of  the  form 

(1)  a(y)u..=b(y)u   -!-u     , 

tt    ^   XX    yy 

which  have  continuous  derivatives  of  the  second  order,  for 
initial  data  given  on  the  timelike  manifold  y  =  0: 

(2)  u(t,x,0)  =  f(t,x) 

u^^(t,x,0)=  g(t,x) 

?  0 

It  is  assumed  that  a(y)  e  c  ,  b(y)  e   c  and  a(y)  ^  0  for  y  in 

some  finite  interval  0  _^  y  _^  h. 

When  h  >   0   over  at  least  part  of  this  interval,  such 
problems  are  "improper"  in  the  sense  of  Hadamard.   That  is, 
even  under  conditions  on  f  and  g  v;hich  insure  the  existence  of 
a  unique  solution  u  to  (l), (2)  there  is,  in  general,  no  suitable 
norm  (involving  derivatives  up  to  a  fixed  finite  order)  in 
v;hich  u  depends  continuously  on  the  initial  data  f,g.   For 
some  improper  problems  it  Is  possible  to  obtain  continuous 
dependence  by  restricting  attention  to  solutions  which  possess 
a  fixed  finite  bound  in  a  suitably  chosen  norm.   This  approach 
has  been  extensively  studied  by  F,  John   ,  and  in  certain 
situations  he  has  shown  that  the  resulting  continuous  depen- 
dence is  of  the  Holder  type.   That  is,  if  u  and  u'  are  solu- 
tions corresponding  to  initial  data  h,  h',  respectively,  then. 
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(3)  |u-u' I  <  M6^ 

when  |h-h'|  ^   6.   Here  M  and  9  are  positive  constants 
(0  <  0  ;^  l),  and  the  norm  "|  |"  is  appropriately  chosen 
(involving  u  and  at  most  a  finite  number  of  its  derivatives). 

The   improper  problem  (l),  (2)  is,  however,  not  of  this 
class.   In  fact  John  has  shovm*-  ■'  explicitly  for  the  wave 
equation  that  even  prescribing  a  bound  M  for  u  and  a  finite 
number  of  its  derivatives  results  in  only  a  weaker  type  of 
logarithmic  continuous  dependence  described  by 

(4)  |u-u' I  <  M  (log  b'^) 

In  this  report  we  shall  find  a  solution  to  (l),  (2)  whose 
dependence  on  the  initial  data  f,s  is  of  the  form  (3) (in  fact 
with  9=1).   In  order  to  accomplish  this  certain  restrictions 
will  be  placed  on  the  data  f,g. 

Suppose  first  that  f,g  e  Lp(-<x>,oo)  with  respect  to  both 
X  and  t  (we  write  f,g  e  LX''^) .      Let  the  Fourier  transforms  of 
f  and  g  with  rexpect  to  x  be  denoted  by  F(t,a3)  and  G(t,ai), 
respectively,  and  suppose  the  transforms  of  F  and  G  with 
respect  to  t  are  given  by  F(t,cd),  G(T,a)).   We  have  already  shown 
(the  problem  (l),  (2)  is  a  special  case  of  the  nonlinear  Cauchy 
problems  treated  in  [2]) that  if  F  and  G  have  compact  supports 
as  functions  of  both  co  and  t,  then  the  initial  value  problem 
(l),  (2)  has  a  unique  L''^   solution  u(t,x,y)  for  0  _;^  y  ^  h. 
Moreover,  u  has  Fourier  transforms  v;lth  respect  to  x  and  t 
which  have  compact  support  and  the  continuous  dependence  of  u 
on  the  initial  data  f,g  is  of  the  type  (;;)  with  0  =  1. 
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17e  shall  now  show  that  for  the  problem  (l);(2)  it  It 


sufficient  to  assume  only  that  F(t,cD);  G(t,oo)  have  compact 
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support  as  functions  of  cd  for  all  t;  and  t  P(Tja}),  i   gCt^co)  e  L^ 


for  all  o)  in  this  suppo.'t  in  order  to  prove  the  existence  of 

2 
unique  C   solutions  v.'hich  depend  Lipschitz  continuously  on  the 

Initial  data. 

Our  methods  are  applicable  to  more  general  equations  than 

(l).   In  fact  enti.ely  analogous  results  can  be  obtained  for 

the  ultra -hyperbolic  equation 

m  n 

(5)  rZa.(y)u     =  >   b  (y)u  ^^_  'r  u     , 
1=1        1  1   j=l  '^  J  J    "^^ 

where  a.  (y)  e  c  >    ^Jy)  e  C  >  a.  "0  for  i  =  l,...;m,j  =  l,...,n, 
and  the  initial  data  is  given  on  the  timslike  manifold  y  =  0. 
To  keep  the  notation  simple  here  we  shall  explicitly  treat 
only  the  case  m  =  1,  n  =  1  (i.e.,  the  system  (l),(2). 


II.   THE  ASSOCIATED  "REDUCED"  ORDINARY  DIFFEREJ^TIAL  EQUATION 

Let  the  region  R(h)  C  fR''  be  defined  by 

R(h)  =  ^(t,x,y):  -o.  <  t,  X  <  CO,  0  <  y  <  h^  , 

where  h  is  arbitrary  but  finite.   For  (t,x,y)  e  R(h)  v/e  define 

F.G,F,G  as  in  Section  I.,  and  formally  define  U(t,aO;y),  U(T/JD,y) 

as  the  Fourier  transforms  of  u(t,x,y)  and  U(t^cO;y)  vjith  respect 

to  X  and  t  respectively.   V/e  define  classes  of  functions 

B(xja)  ),  ^(co.o)  )  andC2(a)  00  )  as  follows: 
o        o  o 

The  function  f(t,x)  e  B(x,a>  )  if 
(a)   f(t,x)  e  1^'^''\      (Therefore  F(t,ao)  e  L^  for  each  t  and 
F(t,od)  e  L^>^). 
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(b)  F(t,a))  has  support  contained  in  the  Interval  \oi\    <_  m 
for  all  t. 

(c)  T  F(T,a))  e  L'  for  all  [ool  <  co  . 

(Such  functions  f  can  be  referreJI  to  as  "x-band-limlted"  v/ith 
band-limit  ^  )•   It  follov/s  from  (b)  that  F(t,(d)  also  vanishes 
for  |a)|  >   o)  and  all  t.   The  classes  of  such  functions  F(t.a)) 

o  »  /  ' 

and  F(t,oo)  will  be  "enoted  by  <S  (ao  cd  )  and  (S  {(x>  a>   )      respec- 

o  o 

tively.   The  function  u(t,x,y)  will  be  said  to  belong  to 
B(x,cd  ,h)  if  u(t,x,y)  e  B(x,oa  )  for  y  satisfying  0  ^  y  ;^  h. 

Our  aim  is  to  prove  the  existence  in  R(h)  of  a  unique 
B(x,od  .h)  solution  to  (l),(2)  which  is  tv/ice  continuously 
differentiable  in  all  variables.   In  order  to  do  this  vie   first 
formally  reduce  the  problem  by  the  methods  of  Fourier  trans- 
forms to  the  study  of  an  ordinary  differential  equation.   The 
properties  of  the  solution  to  this  latter  equation  permit  the 
formal  procedu.re  to  be  rigorously  justified.   The  existence j 
uniqueness  and  continuous  dependence  of  solutions  to  the 
original  problem  (l),(2)  can  then  be  established. 

From  (l),(2)  v;e  have  immediately  the  reduced  ordinary 
differential  equation 

(6)  <^^^^\f^y-)    ,.   [a(y)x2  .  b(y)a)2]u(T,a).y)  =  0 

dy^ 

with  initial  data 

U(T,a},0)  =  F(t,od) 

/  V  \  ClU  ( T  CD  0 )     ^  /     V 

w)  ppf— ^ — -   =  G(t,cd) 

in  which  we  think  of  x  and  co  as  parameters.   For  each  fixed 
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T  and  (x>,    the  classical  existence  thaorems  of  ordinary  differen- 
tial equations  provide  a  unique  solution  U(T,Gj,y)  to  this 
problem  which  formally  on  Fourier  Inversion  yields  the  desired 
solution  u(t,x,y). 

In  order  to  justify  this  procedure  and  describe  the  pro- 
perties of  U;  vie   first  obtain  an  elementary  estimate  for  the 
solution  U  to  (6)  J7). 
Lemma  1 :   Fo .  0  ;^  ;<  ^  h   define  constants  A,C,D;E  by 

A  =  max[a(y)]-^/^    ,   E  =  max[a(y) ] ^^^ 
C  =   max  1^1    ,        D  =  max  |3[a  '  (y )  ]^-4a(y)a'-(y)  ,    ^ 

Then   the   solution   U(T,ao,y)    to    (6),  (7)    satisfies    the   inequality. 

(8)  |U(T,0J,y)l    <   A   ^|ci)(T,CD)|     :-   Eh|^(-r,oo)  1"^   exp  [  h^E^(Coo^+D)  j 
Liniformly   for   0  ;^  y  _^  h,    where 

oCt.oo)   =    [a(0)]^/^F(T,a)) 

To  prove  the  lemma  v;e  consider  first  the  case  (d  5/  0  and 
v^rrite  (6)  in  the  form 

(9)  [cn2a(y)]-lu"  -'r   [4  -  ^]  U  =  0 

t2 

Let  A  =  —2^    and  make  the  changes  of  independent  and  dependent 

variables : 

(10)  py  ,/^ 

s   =  €0/      [a(w)]^^dw 
'0 


>,.T  K' : 


:  pel' 


Corresponding  to  the  original  y  interval  0  _^  y  _^  h,  we  have  the 
s-lnterval. 


1/2..,  < 


(11)   -S(a))  =  -Icjoi/   [a(w)]   dw  1  s(oo) 

^  0 


<  |co|r"[a(v;)]^/^dv;  =  S(co) 


which  for    |co|    ^  co     is  also  finite.     V/ith  these   changes    (7)    and 
(9)    take   the   form 

Z(T,a),0)   =  co-l/2f^(o)]l/4p(^^^)    ^    CD (t, 03)00-1/2 

(12)  dZ(T,a3,0)   =  OD-5/2  J[a(0)]-l/^G(T,a)) 

ds  , 

-i-  J[a'(0)]-'^/\'{0)F(T,CD)^   =  ^('r,a3)a)-^/2 

and 

(13)  d2z(T    C0,S)     ^     (A_r(s))Z(T,CD,s)     =    0, 

ds 
respectively,   vjhere 

MM  ^r.^        r^(^^)        5A(a'(y))2-a(y)a"(y). 

and  primes  denote  differentiation  vjith  respect  to  y.   It  is 
now  a  simple  matter  to  study  the  grov;th  of  Z  as  a  function  of 
the  parameter  A.   Integrating  (13)  hy  parts  twice  we  have 
immediately  that  ZCt^cd^s)  satisfies  the  integral  equation 


Z(T,a),s)  =  cD-l/2^(^^3)cos  Vh   5  +  u)-5/2^(T:,a))  ^^^/^  ^ 
+  .Ji^  I     sin  \/a  (s-s')r(s')Z(T,cD,s')ds' 


From  this  expression  it  follows  that  for  all  X 

|Z(t,co,s)|  <  !co-l/2j|e(^^a))|  +  \s\\o^-^^^\\i,{'z,cD)\ 


.  s 
+ 


so  that 


r    |s-s'|  |r(s')Mz(T,a:,s')!ds• 
|z(t,cd,s)|  l{|cD-l/2il0(T,co)|  -f  ls||co-5/2||.^(^,co)i] 

(15)       exp  {|s!  r    |r(s')|ds'l 

<  <^|cD-l/2,|^|  ^  3(0,)  1,3-5/2 1  i^l] 

,       r  S(cu)  ^ 

exp  X  S{cd)  /     Ir(s')  !  is '?  . 
L     ^  0  -^ 

For  large  A  it  is  possible  to  obtain  much  sharper  estimates  for 
|z|,  but  (13)  is  sufficient  for  our  present  purposes. 

To  complete  the  proof  v;e  use  (10)  and  (15)  to  obtain 
estimates  for  |u(T,co,y)  |  .   Consider  the  integral 

r  ls| 

p(s)  =  /     !r(s')i 


.     ,- .„  . ,ds 
-0 


We  have  from  (ll)  and  (14) (using  the  constants  defined  above) 

that 

r-   IcaJEh 
|p(s)|  <  /      lr(s')lds'  <  ^  (Cci:^+D) 

uniformly  in   s.      TIrus   from.   (lO),    (12)    and    (15 )    v/e  have   for  all 
T,    0  ^  y  ^  hj    and  each  cd  that 

|u(T,a3,y)|    <    |co|^/2|a(y)rl/'^|Z(T.a),y)! 

<   A  {  |0(T,a3)  I    -J-  Eh    1-;'(t,co)  !  I  exp  ^h^E2(Cco2-^D)  V  . 
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Since  the  case  oo  =  0  Is  formally  equivalent  to  the  case 
CD  s  1,  b  =  0,  the  proof  of  the  lemma  is  complete. 

III.   EXISTENCE  AND  CONTINUOUS  DEPENDENCE  OF  THE  SOLUTION 

Having  outlined  a  formal  procedure  for  finding  a  solution 
u  to  (l),(2)  vje  now  define  u(t,x,y)  by 

(16)      u(t,x,y)  =  ^  r"  [u{T,CD,y)e^^^"^^t'^^dTda)   , 

'^    -00  "- 

where  U(TjCOjy)  is  the  solution  to  the  ordinary  differential 
equation  (6),(7)5  and  use  Lemm.a  1  to  prove  the  follov/ing 
Theorem  1«   If  f  ( t,x)  ,g( t,x)  e  B(x,co  ),  then  there  exists  a 
C  (t,x,y)  solution  u(t,x,y)  to  the  timelike  initial  value 
problem  (l),(2)  in  R(h)  having  the  following  properties: 

(a)  u(t,x,y)  e  B(x,cd  ,h)  {U(  t  ,a),y)  £  ®(cD,a3  ,h)  and 
U(T,a),y)  e  'D(a),<D^,h) )  in  R(h).   Actually  for  each 
fixed  t  and  y  in  R(h)  we  have  even  more:   u(t,x,y) 
is  an  entire  analytic  function  of  x  of  exponential 
type  CD^. 

(b)  u(t,Xjy)  depends  Lipschitz  continuously  on  f(t,x)j 
g{tjx)  in  the  Lp'"^  norm  for  all  y  satisfying 

0  <  y  <  h." 


•K- 


For  any  B(x,cd  ,h)  function  h(t,x,y)  we  have  immediately  the 
|5'"'h(t,x,y),  ,  '^f/-",a'"'h(t.x.y),2j^il/a 


Inequalities  /— 


hx  ^  -co      bx^ 

r   |°'"'h(t,x,y)|2,_,^.^n  ^"  |  h(  t,x,y)  |  ^dx. 

-'  -00         (3x  ^  -co 


c:i    J  as 
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(c)   The  function  u(t,x,y)  is  unique  in  the  class  of 

B{x,ao  ,h)  functions  which  are  also  In  C  (y). 
o 

Proof:   For  any  function  v(t,x,y)  e  L^'^  for  each  y  we  employ 

the  notation 

"  I   |v(t,x,y)|2dt  dx  =  ||v(y)||2 


*-•  -00 


f  "  lv(t,x,y)l^dx  =  ltv(t,y)||^  . 

Since  f,g  e  B(x,<d  )  it  follows  immediately  from  Lemma  1,  that 
the  solution  U(T,co,y)  to  (6),(7)  belongs  to  ^  (co,co^h) .   In 
fact  from  the  estimate  (8)  we  have  that 

J\i(x>    ,h) 
||u(y)M  1  A  ^a||Fll+i5||G|l  e   ° 

for  all  T,a),  0  ;^  y  j^  h,  where  a  and  ^  are  given  by 

a  =  ^[a(0)]^/'  +  J[a(0)]-^/\'(0)] 
P=  ^a(0)I-l/^  ^      ^  ■  . 

and  .^(o)  ,h)  =  h^E^(Ca3  +D) .   Hence  from  the  Plancherel  Theorem 


o 
we  have 


M(^^,h) 


1    -^-^^n 
(17)      l|u(y)||  <  A^a|if||+.3|igll)e 

in  R(h),  so  that  u(t,x,y)  e  B(x,coQ,h).   This  means  in  parti- 
cular that  u  e  C^(t,x).   It  follows  from  the  classical  theorems 


Thus  all  derivatives  of  u  with  respect  to  x  depend  Lipschitz 
continuously  on  the  data,  and  continuous  dependence  in  the 

Lp  norm  always  implies  continuous  dependence  in  the  maximum 
norm  over  x. 
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of  ordinary  differential  equations  that  U(T,a),y)  e  C  (y). 
Hence  we  have  also  u(t,x,y)  e   C  (y).   It  is  clear  that 
u(t,x,y)  defined  by  (l6)  satisfies  the  differential  equation 
(l)  and  the  initial  conditions  (2),  since  U(T,co,y)  satisfies 

(6), (7). 

Part  (b  )  of  the  theorem  follovjs  from  (17).   In  particular 
we  see  from  this  expression  that  the  dependence  of  the  solu- 
tion u  on  the  initial  data  f,g  is  of  the  type  described  by  (5) 

_rv(co  h) 
with  M  =  A(a+P)e         and  0=1. 

The  uniqueness  of  the  solution  u(t,x,y)  is  deduced  from 
the  theory  of  ordinary  differential  equations  (v;hich  provide  a 
unique  U(T,(D,y))  and  the  Plancherel  Tneorem  (which  then  pro- 
vides u(t,x,y)).  Since  It  follows  from  (8)  that  any  L^' 
solution  of  (6),  (7)  belongs  to  3  (oo,a)^,h)  nc^(y)  for  0  <  y  <  h, 
\ie   have  in  fact  that  our  solution  u(t,Xjy)  is  unique  in  the 
class  Lg^^  for  0  ^  y  ^  h. 

As  mentioned  previously  our  methods  are  also  applicable 
to  more  general  problems  than  (l),(2).   In  fact  it  is  easy  to 
prove  the  following  theorem,  by  techniques  completely  analogous 
to  those  employed  above. 
Theorem  2:   Consider  the  ultrahyperbolic  equation 


m              n 
(18)      5    a,  (y)u^  ^  =  I b  iy;u  ^  +  u 

j=i  J     ^j^j     -^y 


1=1  ^    ^1^1   .1=1  J 


in  the  region 

Di\(h)  =  I  (t-j^, . .  .  ,tj^,x-|^, ..  .  ,Xj^,y)  :-oo  <  x.,t. 
1=1,..., m;  j=l,...,n;  0<y^h^, 


/    J 


{  u<^<  r? 


-a  as} 


".'   n*^ 


a 
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where  m,n  are  Integers  satisfying  m  ^  1^  n  ^  1,  a^(y)  e  C  , 
b.(y)  e  C*^  and  a.  ="  0  for  all  1  and  j.  VJe  suppose  that  the 
initial  data 

u( t, , . . . , t  ,x, , . . . ,x  ,0)  =  I  i t,  , . . . ^ t  ,x,  , . . . ,x  / 
(19) 

U   (t,,...,  t   jX-,,...,X,0/   =   gVt,,»..,  t   }X-,,».m,  X  I 

are  given  on  the  timelike  manifold  y  =  0  and  satisfy  the  condi- 
tions 

(a)  f,g  e  Lp  with  respect  to  all  t  and  x  variables  in 
61(h). 

(b)  F(t^,.. .  ,t^,a)^,.. .  ,CD^)  and  G"(t^,..  .,t^,cD^,...  ,0)^) 
have  support  contained  in  the  interval 

O^  =   {'^j'  -  ^o'  J=^>""T^]  ' 

(c)  T^  F(t^,.  ..  ,Tj^,a)^,. . .  ,cUj^)  and  t^  G(t^.  . . .  ,T^,a)^, . .  ,u)^) 
e  Lp  x-Jith  respect  to  all  t  variables  for  all 

Then  there  exists  a  unique  C  solution  u(t-,  , . . .  t  ,x,  , . . .  ,x  ,y) 
in  ()v(h)  having  the  properties 

(a)  u  e  Lp  V7ith  respect  to  all  t  and  x  variables  for 

0  _^  y  _;^  h,  and  the  Fourier  transform 

U  =  tT(t,  ;...^t  ,CD^  , . . .  ,CD  ,y)  has  support  in  the 
1    -^  m  1'    '   m  "^        ^ 

interval  O   . 
o 

(b)  u  depends  Lipschitz  continuously  on  f  and  g  in  the 

Lp  norm  with  respect  to  the  t  and  x  variables  for  all 
y  satisfying  0  <  y  "^  h. 


.^0     3     {',) 
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(c)      u  is   unique   in   the   class   of  C     functions   of 

t,  ;...,t    jXt,...,x    jV  v/hlch  are   in  L„   v/ith   respect   to 
1  m     1  n  '= 

the  t  and  x  variables  in(K,(h). 


IV.   A  MORE  REFIIIED  VERSION  OF  THEOREM  1 

It  seems  reasonable  to  try  and  eliminate  the  requirement 
that  f,g  e  Lp,  since  the  Fourier  transforms  of  f  and  g  with 
respect  to  t  do  not  play  an  important  role  in  the  results  of 
the  previous  sections.   This  requires  some  changes  in  the 
methods  which  lead  to  Theorem  1.   In  particular  equation  (l) 
is  only  partially  reduced  (by  taking  Fourier  transforms  with 
respect  to  x  only)  and  one  obtains  the  partial  differential 
equation 

(20)      "0   (t/j:ry)  =  aU.  .  (t,CD,y)  +  bCD%(t,co,y) 
yy  ^^ 

instead  of  the  fully  reduced  equation  (6).   Tlien  in  place  of 
the  elementary  Lemma  1  it  is  necessary  to  obtain  estimates  of 
the  growth  of  the  solution  to  (20)  as  a  function  of  cd  over 
some  appropriate  region. 

In  this  section  we  shall  state  a  theorem  v/hich  is  similar 
to  Theorem  1,  but  vjhich  does  not  require  that  f^g  e  L^.   VJe 
will  not  go  through  the  proof  here  since  it  is  similar  to  the 
arguments  already  given.   The  estimates  of  the  growth  of  the 
solution  to  (20)  vjhich  provides  the  basis  for  the  proof  are 

obtained  directly  from  the  integral  equation  methods  for 

[3] 
treating  hyperbolic  systems  due  to  Courant  and  Lax. 
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A  few  definitions  are  needed  before  the  theorem  can  be 
stated: 

(a)  Define  the  region  R(M.,6)CrR^  as  the  set  of  points 
(t,x,y)  satisfying:  |t|  ;^  ^x,  -~  ^  x  <  oo,  and  0  <  y  ;f_  6 
{[I   and  5  depend  on  the  coefficients  a,b,  and  the 
Initial  data  f,g). 

(b)  For  any  function  h(t,x,y)  defined  in  R(m.,5)  vje  say 

h  e  Cj.    (t,x,...)  if  h  has  continuous  second  deriva- 
tlves  with  respect  to  t,x,...  vjhich  satisfy  a 
Lipschitz  condition  in  R(p.j5). 

(c)  Ue  define  the  "mixed  norm"  |||h(y)|M  for  any  func- 
tion h(t,x,y)  e  Bix.o)^)  O  ^^^^^(t)  in  R(|x,5)  by 

lllh(y)|||  =  sup   l|h(t,y)ll    , 
where  as  in  Section  III 

CO 


|h(t,x,y)rdx. 


Nov;  consider  the  equation 

(21)      a(t;y)u^^(t,x,y)  =  b{ t,y)u^^J  t,x,y)  +  u   (t,x,y) 

with  timelike  initial  data 

u(t,x,y)  1^,^^  =  f  (tjx) 

(22) 

Uy(t,x,y) ly^Q  =  3(t,x) 

in  the  region  R(|x,5),   we  shall  assume  that 


r';J    OflJ 


cKtCiiO,., 


3    '-    '^   >  0   LfiB 


:  ■■  I'-fB:/^ 


:^) 


fl! 
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(a)  f(t,x),  s(t,x),  ^4t^  ^  B*(x,cD^)  in  R(tx,5),  where 
the  conditions  defining  the  classes  B  and  B  (see 
Section  II)  are  the  same  except  that  membership  in 
Lp  is  no  longer  required  for  B  functions. 

(b)  F(t,a.),  G(t,co).  ^^^1^  £  C2.p(t)  for  h|  <_^^   and 

|t|  <  \i. 

(c)  a(t,y)  >  0;  a(t,y),  b(t,y)  e  C^^p(t,y)  in  R(n.5). 

We  can  now  state 

Theorem  3:   If  the  initial  data  f,g  satisfy  (a),  (b)  and  the 
coefficients  a,b  satisfy  (c),  then  for  sufficiently  small  6 
there  exists  a  unique  solution  u(t,x,y)  to  (21),  (22)  in 
r(ijl,B)  with  the  following  properties: 

(a)  u(t,x,y)  and  all  its  first  partial  derivatives  belong 
to  B  (x.cD^)  in  R(|J.,5) . 

(b)  u,u^,u  e  c2^p^t,y)  in  R(h,5).   u  is  an  entire  func- 
tion of  x  of  exponential  type  o)^. 

(c)  u  and  all  its  first  partial  derivatives  depend 

Lipschitz  continuously  in  the 

Sf* 

III   III  norm  on  the  data  f ,g,^. 

It  is  important  to  emphasize  that  Tlieorem  5  provides  results 
which  are  local  in  y(i.e.,  6  is  a  suitable  "small"  parameter). 
The  results,  however,  are  not  local  in  t  (i.e.,  |i  need  not  be 
small).   In  fact,  if  f.S,^.  a  and  b  are  all  bounded  as 
functions  of  t  (in  addition  to  their  other  assumed  properties). 


*  Actually  more  can  be  said  concerning  the  continuous  depen- 
dence of  u  and  its  x-derivatives  as  functions  of  x  -  see  the 
footnote  to  Theorem  1. 


-1/1. -k 
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then  we  may  take  |x  =  «.   Even  vjhen  the  data  is  not  bounded,  [i 
may  be  taken  as  large  as  desired,  but  in  general  this  will 
necessitate   smaller  5.   V/e  also  point  out  that  R(p.,5)  may  be 
replaced  by  the  more  general  region 

R(ti.5,t^)  =  [(t,x,y)  :  |t-t^|  <  n,  -co  <  X  <  «,  0  j^  y  <  5  ^  . 

The  relaxation  of  the  requirement  that  f,g  e  Lp  has  an 
important  consequence:   Theorem  3  is  applicable  to  timelike 
problems  in  which  the  coefficients  of  the  differential  equation 
depend  on  t  as  v:ell  as  y  (compare  equations  (l)  and  (21)). 

Tne   methods  used  to  prove  Theorem  5  do  not  generalize  to 
the  ultrahyperbolic  problem  (l8),  (19). 

It  is  a  pleasure  to  acknov.'ledge  several  helpful  discussions 
with  Professor  Fritz  John  v;hich  contributed  significantly  to 
the  formulation  and  study  of  the  problems  discussed  in  this 
report. 


.:iiu  f.::; 
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